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Thermodynamics of charged Lifshitz black holes with quadratic corrections 
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In arbitrary dimension, we consider the Einstein-Maxwell Lagrangian supplemented by the more 
general quadratic-curvature corrections. For this model, we derive four classes of charged Lifshitz 
black hole solutions for which the metric function is shown to depend on a unique integration 
constant. The masses of these solutions are computed using the quasilocal formalism based on the 
relation established between the off-shell ADT and Noether potentials. Among these four solutions, 
three of them are interpreted as extremal in the sense that their mass vanishes identically. For the 
last family of solutions, the quasilocal mass and the electric charge both are shown to depend on the 
integration constant. Finally, we verify that the hrst law of thermodynamics holds for each solution 
and a Smarr formula is also established for the four solutions. 


I. INTRODUCTION 


During the last decade, there has been a certain inter¬ 
est in extending the ideas underlyi:M the standard rela¬ 
tivistic AdS/CFT correspondence [y to non-relativistic 
physics in order to gain a better understanding of the con¬ 
densed matter physics, and particulary to physical sys¬ 
tems that exhibit a dynamical scaling near fixed points. 
These latter are characterized by an invariance under a 
rescaling symmetry with different weights between the 
space and the time that reads 

t —^ At, X —^ Ax. (1) 


The constant ^ which is called the dynamical exponent 
reflects the anisotropic symmetry. In analogy with the 
AdS case, the gravity dual metric in D—dimensions ref¬ 
ereed as the Lifshitz metric is given by 


dsr = — 


(9 


2 z p ,,2 ^2 

i—1 


( 2 ) 


and, it is easy to see that the anisotropic scaling trans¬ 
formation © together with the rule r —>■ A act as an 
isometry for this metric. 

Soon after the introduction of the Lifshitz background 
it was realized that, in contrast with the standard 
AdS case z = 1, these metrics are not solutions of the 
vacuum Einstein equations, and instead require the in¬ 
troduction of some matter source or to consider higher- 
order curvature terms 0. Finite temperature effects are 
introduced via Lifshitz black holes which refer to black 
hole metrics whose asymptotic behavior reproduces the 
Lifshitz background ([5|). Up to now, a relatively impor¬ 
tant variety of Lifshitz black hole solutions have been 
reported in the current literature. For examples, for the 
three-dimensional new massive gravity theory introduced 
in 0, there exists a Lifshitz black hole solution with a 
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dynamical exponent z = 3, [^. Higher-dimensional gen¬ 
eralizations of this vacuum solution have been derived in 
Q for more general quadratic corrections of the Einstein 
gravity. In four dimensional conformal gravity, Lifshitz 
black holes were constructed for dynamical exponents 
z = 0 and 2 = 4 in Q and their Maxwell electrically 
charged versions were recently reported in Q. Lifshitz 
black holes for cubic theories were investigated in Q as 
well as for contractions of the Weyl tensor Q . Examples 
of charged Lifshitz black hole solutions have been ob¬ 
tained in presence of Abelian sources Elm , in the case 
of a Maxwell-Proca theory [l^ or more generally for non¬ 
linear electrodynamics source [l^. Scalar fields can also 
accommodate Lifshitz black hole metrics in the case of 
the type IIB Sugra with a dynamical exponent z = 3/2, 
u\ or with a nonminimal coupling parameter, see Refs. 
15j | and 1^ or in the case of a particular truncation of 
the Horndeski theory M- 

Although, Lifshitz black holes can be found analyti¬ 
cally, and their temperature as well as their entropy can 
be easily computed, their thermodynamics issue remains 
an hard task. Indeed, the definition of Lifshitz mass, 
because of the rather unconventional falloff behavior, is 
far less clear than that in the AdS case. Also, an im¬ 
portant class of Lifshitz solutions have been obtained in 
the case of higher-derivative terms which render diffi¬ 
cult their linearization analysis. Recently, it has been 
proposed a novel way of obtaining quasilocal charges for 
black hole solutions of a ny g ravity theory invariant un¬ 
der diffeomorphism, see [l^ and [l^ . The main result 
of these two last references is the fact that the off-shell 
ADT potential can be expressed in terms of the 

off-shell Noether potential which is only build in the basis 
of the Lagrangian and the Killing vectors associated to 
the conserved charges without the need of considering the 
linearization of the field equations. Another important 
feature of this method lies in the fact that it may apply 
for arbitrary asymptotic spacetime, and not necessarily 
for asymptotically fiat of AdS spacetimes. For example, 
this formalism has been shown to be efficient in order 
to obtain the correct mass of the z = 3 Lifshitz black 
hole solution of new massive gravity j^, see M- More 
recently, the authors in Ref. [l^ have considered the 
model of new massive gravity in three dimensions with 
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a nonminimal scalar field for which they obtained three 
classes of Lifshitz black hole solutions. The masses of 
these solutions computed within the quasilocal formalism 
fit perfectly with the first law of thermodynamics, and as 
an additional check they showed that these expressions of 
the masses are in accordance with the anisotropic Cardy 
formula [1^ assuming that the ground state is played by 
the respective soliton [l^ . 

In the present paper, we further explore this quasilo¬ 
cal formalism in the case of charged Lifshitz black holes. 
In arbitrary dimensions H, we consider the Einstein- 
Maxwell Lagrangian supplemented by a cosmological 
constant with the quadratic corrections build from the 
scalar curvature i?, the Ricci tensor and the Rie- 
mann tensor R^vpa as 

S= ^ j d^x^{R-2k + ^iR^+hRc.pR"^ 

= J d°x^/^C, ( 3 ) 

where F^p = dcAp — dpAa corresponds to the field 
strength of the Maxwell field, and where the fdi are con¬ 
stants. The field equations obtained varying the action 
dl]) read 

Fpy := Gpu T kg^y -t- i^T^y = 0, (da) 

= 0, (4b) 

where 

Tpy = Fp^F^ - ^gpyFapF°‘l^, (4c) 

Kij.v = {^2 + 4/33) G\Rpy + - (4/3i -|- [i^) gpy\AR 

- (2/3i + /32 + 2/33) VpV.R + 2P3Rp^^pRy'->^^ 

+ 2(132 + 2^3) - 4^33?mc^.“ + 2/3iRR^, 

- i (/3ii?2 + p^R^pR^P + I33 Rc.msR"^'^') ffM- (4d) 

We are interested on looking for charged black hole so¬ 
lutions of the field equations (Hj) with a purely electric 
ansatz such that asymptotically the metric behaves as 
the Lifshitz spacetime ([2]). In doing so, we opt for the 
following Lifshitz type ansatz 

2 d-2 

i=l 

where we require the unknown metric function f(r) to 
satisfy hmr_).+oo /(?') = !> and the Maxwell potential to 
be of the form A^dx^ = At{r)dt. 

The plan of the paper is organized as follows. In the 
next section, we show that the metric function within 
our ansatz behaves generically as f(r) = 1 — M (y)^, 
where M is an integration constant, and where x is a 


positive constant that always depends on the dimension 
D. Using this result together with the integration of the 
Maxwell equation (I4bll . we write down the generic for¬ 
mula of the quasilocal mass associated to the Killing vec¬ 
tor = dt- In Sec. Ill, we exhibit explicitly the four 
families of charged Lifshitz black hole solutions, and for 
each of them we compute the mass, the electric charge, 
the entropy and verify that the first law of thermody¬ 
namics holds in each case. In Sec. IV, we discuss the 
lower-dimensional cases, D = 3 and D = 4 while in the 
last section, we report our conclusions. Finally, an ap¬ 
pendix is added for clarity where we give some of the 
formulas needed to derive our results. 


II. QUASILOCAL MASS, ENTROPY AND 
ELECTRIC CHARGE 

In this section, we will show that the metric function 
within our ansatz m behaves generically as /(r) = 1 — 
M and with this result together with the integration 
of the Maxwell equation (I4bl) , we will express in a generic 
way the expression of the quasilocal mass. The details 
concerning the explicit solutions will be given in the next 
section. 

Considering the metric ansatz ®, the following com¬ 
bination of the Einstein equations (IS|l 

( 6 ) 

yields a fourth-order Cauchy differential equation for the 
unknown metric function /(r), which is given in the ap¬ 
pendix (1551) . and whose solution is generically expressed 
as 

/(^) = 1-Em^G)“\ (7) 

i—1 ^ ' 

where the Mi are some integration constants and the ai 
are the roots of the characteristic polynomial. Before 
following this generic analysis, we would like to stress 
two things. Firstly, there also exists the possibility of 
having multiple roots for which the metric function f(r) 
will involve logarithmic contributions, but in those cases, 
the remaining independent Einstein equations will im¬ 
pose that all the integration constants associated to the 
logarithmic contributions must be zero. Secondly, in the 
special point where the quadratic corrections yield to the 
Gauss-Bonnet density, namely /3i = —1/32 = (ds, the 
fourth-order Euler equation reduces to the following con¬ 
straint 

f(r) [/32 (D -3){D- 4) /(r) + 2 P] (z - 1) (D - 2) ^ 

F 

which in turns implies that the dynamical exponent must 
be restricted to 2 = 1. In this particular case, the charged 
black hole solutions are asymptotically AdS, and these 


dsh = - 


(l) «’■)*" + ;? 


P dr^ 


fir) 
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solutions have already been studied in Refs. [23 - 1^ . 
However, in our case, we are only interested on the purely 
Lifshitz black holes, that means z ^ 1. Following our 
analysis, after a tedious computation, one can show that 
the combination of the Einstein equations El + E® = 0 
imposes that only one of the integration constants of the 
metric function 0 is not zero and fixes conveniently the 
constants /3i, and A. This means that the metric so¬ 
lution can be generically written as 

= ( 8 ) 

where M is an integration constant, and the combination 
El + El = Q becomes simply given by 

(2 - 2 z + x) m 2 (x + 2 - Z?) (-Z + 2 - Z? + 2 x) 

xSi (^)”''' + (-2ZZ + 4-fx) = (9) 

where Si and S 2 are constants whose expressions are 
given in the appendix. Finally, the remaining indepen¬ 
dent Einstein equation El = 0 can be casted in the fol¬ 
lowing form 

El = (Z^-2)(2-2z + x)(2x-i5 + 2-z) 

X SiM2(9-^^-(ZZ-2)S2M0-^ 

T (10) 

where we have explicitly used the expression of the purely 
electrical Maxwell field solution of the equation (l4bl) 

/ f \ z — D-\-l 

Frt =Q[j) , ( 11 ) 

where Q is an integration constant. From equations da 
[ini), it is now simple to see that there exist four classes of 
solutions for the ansatz metric (O with a metric function 
given by (|S]), and these are summarized as follows 


We are now in position to write down the expression 
of the quasilocal mass for the generic solutions described 
by the ansatz metric ([S]) with a metric function given by 
® together with the form of the Maxwell field (ITT]) . And 
interestingly enough, we will show that these four classes 
of solutions may also emerge from the expression of the 
quasilocal mass. 

As said in the introduction, the main result of the au¬ 
thors in Refs. [13, Hi lies in the following relation 




that allows to express the off-shell ADT potential Qadt 
[ 13 mi to the off-shell Noether potential . In this re¬ 
lation, denotes the Killing vector field which in our 
case is dt, and 0^ represents a surface term arising from 
the variation of the action. For the model considered 
here, these expressions are given by 


ef^{Sg,SA) = 


- 5A^ 


(13) 






(14) 


with ^ where £ is the Lagrangian defined 

O tL^i/ (j p 

in As shown before, the solution depends continu¬ 
ously on a constant M, and hence in order to define the 
conserved charge in the interior region and not in the 
asymptotic region a parameter s with range s S [0,1] is 
introduced as sM. The advantage of this re-definition lies 
in the fact that it allows to interpolate between the free 
parameter solution s = 0 and the solution with s = 1. In 
doing so, the quasi-local charge is defined as 


Family 

Q 

X 

Z 

Extra 

A 

oc M 

D-2 

Free 

0 

II 

(M 

[I] 

B 

oc y/M 

2{D-2) 

Free 

Si = 0 

C 

oc y/M 

2{D-2) 

D- 1 


D 

oc y/M 

2{D-2) 

3(ZZ - 2) 



The details concerning these four solutions will be re¬ 
ported in the next section. 


M{0= J d^-^Xp,(^AKP’'{0-2^^pj\s 0"l(C|s)), 

(15) 

where AKP^{^) = Zir^^^(^) — ZT^Aq(^), denotes the varia¬ 
tion of the Noether potential from the vacuum solution, 
and represents the integration over the compact 

co-dimension two-subspace. In the present case, this last 
expression becomes 


M{0 = 


■m2 


pD-2+z-2x 


MAI 2 r^-2+^-x 
2 k [D+l+z-x 


2{z-D + 2) 


pZ-D+2^ 

P-D+P 


^D-2, 


2k ID+1+z-2x 


(16) 
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where 4'i and 4'2 are constants reported in the ap¬ 
pendix and ri_D _2 represents the finite contribution of 
the {D — 2)-dimensional integration over the planar vari¬ 
ables. Note that the value z = D — 2 must be excluded 
from this analysis; however, in this case, one can show 
that the solution becomes uncharged <5 = 0, and reduces 
to the vacuum solution reported in Q . It is clear that the 
expression in the right-hand side must not depend on the 
radial coordinate r and this corresponds precisely to the 
four classes of solutions (IT^ as we will show explicitly in 
the next section. 

Since we will be interested on the thermodynamics 
properties of the solutions, the entropy of the solutions 
will be computed through the Wald formula 


Sw = —2tt nD-2 



- SC 

- ^Rabcd 


£ab ^cd 


r^Vh 


(17) 


where Vh denotes the location of the horizon. On the 
other hand, the Hawking temperature reads 


T = 


' h 

dTT^z+l 


firh)- 


(18) 


In order to see that our expressions of the masses fit 
with the first law of the thermodynamics, we also need 
the expression of the electric charge Q that is generically 
given by 


Q = 


/ 


dnjy-2 




Frt- 


(19) 


III. FOUR CLASSES OF CHARGED LIFSHITZ 
BLACK HOLE SOLUTIONS 


We now report in details the four classes of charged 
Lifshitz black hole solutions (IT^ . In each case, we com¬ 
pute the mass M through the formula (ITSl) . the entropy 
Sw ClI), the temperature T, the electric charge Q as 
well as the electric potential $ = —A{rh). Having these 
quantities in hand, we verify that the first law of ther¬ 
modynamics 


dM = TdSw + ^dQ, (20) 


holds for each of the solutions. We show that among our 
four solutions, three of them have the peculiarity that the 
mass vanishes identically; these latter can be interpreted 
as extremal c harg ed Lifshitz black holes as those recently 
given in Ref. (27|. 


A. Extremal charged solution with arbitrary 
dynamical exponent 


The first solution holds for an arbitrary value of the 
dynamical exponent, and is given by 


^2 d-2 

+ X! ’ 

/(r) = l-M(^-j , 

/ z — D+l 

Frt{r) = MEi (yj , (21) 

where 

(Si)" = {{2z-D)[2z^-{z-l){D-2)] 

X {z-D + 2){z + D-2){D-2)} 

j [iKpzP:i{z)\, 

and 

^3(2) = 2 - 2 (2 D - 3) - (£1 - 2) [z (D - 9) -h 4]. 

In this case, the coupling constants of the theory are tied 
as follows 

Pi = f[2{D-2)z^-{ZD‘^-AD-S)z‘^ 

+ {IQ D'^ - iQ D + 2S) z^ - {D - 2) 

X (£)2 + ll£)-32)z2-h(2£)-5)(D-2) 

X {D + 2)z-2 {D -2f] 

/ [2z2(D-2)(D-3)(D-4)P3(2)], 

P 2 = f {[2z‘^ - z{D-2) + D-2] [-2 [D - 2) z^ 

+ Dz{z-l){ZD-l) + {D-2){D‘^ -ZD + A)]] 

/ [(D-2)(D-4)(£-3)z2p3(z)], 

l^[2z^-{z-l){D-2)] 

4 (D - 3) {D - 4) z2 ’ 

[D-2)[z^ + {2z-1){D-2)] 

AzF 

Plugging this solution in the expression (ITCl) implies that 
the mass A4 vanishes identically. On the other hand, the 
Wald entropy is no zero and given by 


ds\, = - 


(l) !ir)dt‘ + -^ 


P dr^ 


fir) 


47rHzi_2 (Si)"r^-2 
{z-D + 2){D-2) 


( 22 ) 


while the Hawking temperature is 

47rZ^+i 


( 23 ) 
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The charge and the electric potential read respectively 

D-2 

, (24) 


Q = ^i^D-2 (y)' 


and 


$ = -A{rh) = - 


Sirf 


{z-D + 2) 


(25) 


It is a matter of check to see that in spite of having a 
zero mass, the first law (ISHll still holds in the form 

dM=0 = TdSw + ^dQ, 

and hence, this solution can be interpreted as an extremal 
charged Lifshitz black hole. 


B. Second extremal family with an arbitrary « 

A second extremal family of solution is found when 
X = 2{D — 2) and for an arbitrary value of the dynamical 


exponent. 

/ 'P\ 2z 


ds\, = 

-if) 

/ 

fir)dP + 

i\2(D-2) 

0 • 

fir) = 

1 - M I 

Frt = 

VME 2 

/ T \ ^ 

\l) 

where 




r dr^ 


^2 p ^ 




(26) 


(E 2 )" = {[2z^ + {D-2){D-l-4z)] 

X {D - 2) {z + 2 D - 4) {z - D + 2) } 

/ [2Kl^zP2iz)], 

with 

P 2 {z) = z^ - {D - 2) {D-4 + 2z). 

The space of parameters is defined by 
I3i = P[2{D-2)z'^ + {2bD-7 D'^-2Q) z^ 

+ 2 (£» - 2) (3 - 81) + 3 ) - (D - 2) 

X (3£i^-5D-4)z-2 (D-4)(£i-2)^] 

/ [4{D -2) z{D -?,){D - 4){z - D + 2) P^iz )], 

/32 = f{[-4{D-2)z'^+{2Q-2bD + lD‘^)z 
+ 2 {D-l){D-2){D-4)] 

X [2z^ + {D-2.){D-l-4z)\] 

/ [4 (D - 4) z (z - D + 2) (f? - 3) (i? - 2) P2{z )], 


/Sa = 


P [2z^ + {D-2){D-4z-l)\ 

4 (£) - 3) (D - 4) (z - £1 + 2) z ’ 

{D - 2) [-z^ + (D-2)(D-1- z)] 
2P {z-D+ 2) 


Note that this solution has been recently reported in 
Q.As before the mass vanishes while the other relevant 
thermodynamical quantities are given by 


2 „D-2 


Sw = 
T = 


2 ^ 11 ^- 2 ( 22 ) r 
{D-2){z-D + 2) 
{D-2)rl 


2ttP+^ ’ 

Q = ^ 2 ^D -2 (y) 

$ = - 


D-2 




(27a) 
(27b) 
(27c) 

{z-D + 2) 

in accordance with the results obtained in Q via the 
Wald formalism. The extremal character of the charged 
solution is encoded in the relation dM = 0 = TdSw + 
<4>dQ. 

C. Third extremal solution with fixed z = [D — 1) 

A third family of solutions is found when the dynamical 
exponent takes the value z = {D — 1), and is given by 


dsjj = - 


r\2(D-i) 


0 ) 


f{r)dt^ 

2{D-2) 


P dr^ 


fir 


D-2 


12 


fir) = 1 - ^ ^ 

Frt = V^MEa, 
where 

(Ea)^ = {{D-2)[{5D^-20D‘^+ 17D + 4)P 
- 2 (4D-7)(£I-3)(D-2)^/32] } 
j [kP {5 0-8) iD-3)], 
and the values of the coupling constants are given by 
{2D- 3)P - 2 (£> - 3) (£>2 _ £) _ 1) y 


(28) 


f3i = 


h = - 


A = - 


2 (£) - 1) (£> - 3) (5 £-8) 


P 


4 (£) - 3) ’ 

(£-2)(£-l)^ 

2P 


Note that in this case, the value of /32 is not fixed, and 
this is the reason for which this solution differs from the 
previous one when z = D —1. The Wald entropy and the 
Hawking temperature are described by 


Sw = 


27rH£)_2(Ea) r 
(£)-2);^-4 
(£-2)r 


2 „D-2 


(29) 


D-l 


2ttID 


A = 


T = 


(30) 
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while the mass (HU) vanishes. The electric charge and 
potential are given by 


Note that this expression of the mass vanishes for the 
election 


Q = E3 rin-s 


Ct) 


D-2 


^ = - 


D —1 
lD -2 ■ 


{ID- 13) (13 £>2 _ 59 75 ^ 

48 {D -!)(£»- 3) [D - 4) (£> - 2f ’ 


and once again, we verify that the first law of thermody¬ 
namics holds (I20p in its extremal form. 


D. Non extremal solution with 2 = 3(D — 2) 

Finally, a fourth family of solutions is found when the 
dynamical exponent takes the value 2 = 3(11 — 2) 

^2 d -2 


ds]j = - 


(0 


6 (D-2) 


/(r) dt^ + 


r dr^ 


fir) 


fir) 

Frt 


1 - M 




(0 


2D-5 


(31) 


but this case reduces to the second family derived pre¬ 
viously for a fixed value of the dynamical exponent 
z = 3{D-2). 

Calculating the Wald entropy, we obtain 

Sw = -{7rr^-2^z,_2[8 (25£i-58)(£)-3) 

X (il-4)(£i-2)^/32-b/^(7£»-13) 

X {15D^-49 D +28)]}^ [kI° Q 3 {D)], (33) 


while the Hawking temperature reads 


T 


{D- 2 )rl^^-^^ 

27rl3D-5 


(34) 


The electric thermodynamical quantities are given by 


where 

(£ 4 )^ = {(il-2)(il-3)[l2(7D-13)(ll£i-27) 
- 8 (l3il2-66D-f 86)(£I-2)^/32] (£>-4)} 
/ [kQ 3 {D) 1 ^], 

and the values of the coupling constants are fixed as 


Q = E4f^D-2(y) 


D-2 


$ = -- 


y 3(D-2) 


T7,(35) 


2 {D-2) Z3D-7’ 
and it is simple to check that the first law ([2ni) is satisfied. 


IV. LOWER-DIMENSIONAL CASES £> = 3 AND 

0 = 4 


y = -[4 (15£|2-91£I + 142)(£)-2)^/32 
-b {-17-SSD"^+ 8D^+ 53D)] 

/ [4{D-2)^Q3{D)], 

P{7D-13)^-16 {D-l){2D-5){D-2)^ P 2 

~ 8 {D-2)Q3{D) ’ 

A = - [96 (2 £) - 5) (£) - 1) (£> - 3) (£> - 4) (£> - 2)^ P 2 
+ f {D - 2) {881D^ - 8378 D^ + 30195 D^ 

- 48626 £)-b 29384)]/[4 (£))], 

where we have defined 

Q3{D) = 47 £>^ - 369 -b 972 £> - 848. 


It is clear from the beginning that all these solutions 
are valid for £> > 5, due to the Gauss-Bonnet theorem in 
four dimensions and the vanishing of the Gauss-Bonnet 
term in three dimensions. This in turn implies that it 
is possible to switch off the contribution of the coupling 
constant P 3 in four and three dimensions by realizing the 
following shift 

{Pi, 132 , Ps) — t {Pi — P3, P2 + 4/33,0). (36) 

In three dimensions, among the four solutions derived 
previously, only the last one can be projected in £ = 3 
for a dynamical exponent 2 = 3 but in this case the 
solution is not longer charged since Q = 0. The resulting 
solution turns out to be the 2 = 3 Lifshitz black hole of 
new massive gravity Q. It is interesting to note that in 
this case, the expression of the mass dSH) becomes 


For this particular solution, the expression of the mass 
m is non-zero, and is given by 


M=-^ 
kD ' 


M = -{[(48 (£-!)(£)-3) (£-4) (£-2)"/32 
-b /^(7£-13)(l3£2-59£-b76))(2£-5)] 

X rl^^-^^nD- 2 }/[ 8 KQ 3 {D)l^^-^]. (32) 


and corresponds to the value of the mass found in [ 2 ^ 
with K = —87rG. 

Nevertheless, the third solution is regular in four di¬ 
mensions and becomes an extremal charged Lifshitz black 
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hole with dynamical exponent z = 3 given by 


ds4 

f{r) 

Frt 


S{r)di 


]2 : 
2 ' dr^' 


' f{r) 




p ^ ’ 

i=l 


1-M 


2 \ - 


3^2 M 


kF ’ 


(37) 


while the coupling constants take the form 


/3i 


72 



A = - 


9 

p- 


We may notice that for our last solution with non zero 
mass and z = 3(13 — 2), the Smarr formula is given by 

i [TSw + $Q), 

and corresponds to the general Smarr formula derived in 
and given by 

It will be interesting to explore wether this Smarr formula 
is a consequence of some scaling symmetry of the reduced 
action. 


V. COMMENTS AND CONCLUSIONS 
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The aim of this paper was to confirm in some concrete 
examples the validity of the recently proposed method to 
compute the quasilocal mass for arbitrary theory invari¬ 
ant under diffeomorphism and proposed in [ISl . Il9l| . This 
formalism is interesting for many reasons. Among other 
it does not require to linearize the field equations and 
yields to finite conserved charges independently of the 
asymptotic behavior of the metric solution. In our case, 
since we were interested on charged Lifshitz black holes of 
the Einstein-Maxwell theory supplemented by the more 
general quadratic-curvature corrections, the quasilocal 
formalism fits perfectly with our intentions. Note that 
it is evident from the ADT formalism, the charged so¬ 
lutions derived here will have the same mass as their 
neutral part due to the fact that at the linearized level, 
the source terms corresponding to the Maxwell part can 
be put in the right hand side of the linearized equations 
[3l|; see Refs. [2^ and [2^ for the computations of the 
masses within the ADT formalism in the neutral case. 

Here, we have derived four classes of charged Lifshitz 
black hole solutions where two of them do not require 
the dynamical exponent to be fixed. Three of these solu¬ 
tions are interpreted as extremal since the mass vanishes 
identically while the electric charge is non zero. In these 
cases, we have confirmed the validity of the first law of 
the thermodynamics. For the last family, the quasilocal 
mass and electric charge depend on the unique integra¬ 
tion constant appearing in the solution, and as a matter 
of check we have also confirm that the first law holds in 
this case. Generically, all these solutions are only valid 
for dimensions D > 5 because of the presence of the 
quadratic-curvature corrections. However, the solution 
with non-zero mass can be lowered to three dimensions, 
and in this case the dynamical exponent becomes z = 3 
while the electric charge vanishes, and the solution turns 
to be the Lifshitz z = 3 black hole solution of new mas¬ 
sive gravity Q. Interestingly enough, in this case, the 
expression of the mass becomes precisely the one of the 
Lifshitz z = 3 black hole solution of new massive gravity 
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VI. APPENDIX 

In order to be self-contained and to clarify the most 
possible the draft, we report some of the formulas needed 
to derive our results. 


A. The fourth-order Cauchy differential equation 
arising from the combination — y (El — El^j — 0 


r3 (2/33 + 2/3 i+/32) 






( - 2 + 2 (-D + %)z + 2(D + b)(D-l) )/3i 


-|-( — z^-|-2 (Z3-|-l)z-|- -f 2 Z3 — l) /52 


J dr^ 


+ {-2z^ + 2 (5D-4)z-f 2D2-f 6)/33 
-(z-fD- l)r 2 (z- l)(2z-b3D-5)^i 
+ {2z^-z-D + 1)I32+ (Az^-QzD 
-flOz-f 2D-6)/33]^ - [((4z2-b8z-4zD-f 4)/33 
-f (2 D -f 2 z^ - 4) /32 + (4 z^ -b 4 zD - 8 z -b 2 
- 6Z3-b4)/3i)/-(z-l)(D-2) = 0. (38) 














B. Expressions of Hi and H 2 appearing in Eq. ([9]) C. Expressions of 'I'l and ^2 appearing in Eq. (1161) 


[x" + (-32 + 4-2Z?)x + 2z" 

+ (7^-2)(Z4 + 2z-l)] [2x" + (-4Z4 + 8)x" 

+ (-2z2 + (4i:)-8)z + (L»-l)(£i-4))x 

- z{D-3){D-A)]+x{D- 3) {D - 4) 

X (X + 2-Z4-Z) [x" + (-3Z4-2z + 6)x' 

+ {-z'^ + {3D-6)z + 8 + 2D{D-4:))x + 2z^ 

- 2z(z-2)(D-2)]/32} 

/ {2 {x + 2-D-z)x[{D{D-3) + 4iD-2)z)x^ 
+ {{-4D + 8) z'^ + {19 D - 5 D'^ - 16) z - D {D - 2) 
X {D-3))x+{4:D-8)z^+{16-2D-2D^)z‘^ 

+ 3 {D-2) {D^-3D+ 4) z-2 (0-2) 

X {D^ -3D + 4:)]l^}, 

H2 = {2Z2[/ + (4-D-2z)x"+(-^" + (2z-3) 

X {D-2))x^ + {2z^ + {-3D + 4)z‘^ 

+ {4D-6)z-D)x + z{D-3){D-4){-l + z)] 

X [x^ + (-3z + 4-2i:))x + 2z2 + (2£)-4)z 

+ (Z4-1)(Z4-2)] +x{D-3)(D-4) 

X {-D + 2 + x-z)[x^ + {-4z + 6-2D)x^ 

+ {3z^ + {5D-U)z+{D-2){D-6))x^ 

+ {4z^ - Dz^ - {D -2){D -6)z + 2 {D -2)^)X 

- 4z‘^ + {4D-4:)z^-4z{3z-2){D-2)]j32} 

j {2 [{{4D - 8) z + D {D - 3))x^ + {{-^D + 8) z^ 

+ {l9D-5D^-16)z-D{D-2){D-3))x 
+ {4D -8)z^ + {16-2D -2D^) z"^ + 3 {D -2) 

X (£i^-3D + 4)z-2 {D - 2) {D'^ - 3 D + 4 )] xl^}- 
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